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Abstract
The applicability of the extended boundary condition

method (EBCM) and pointing matching (PM) methods to
calculate the T-matrix for scattering by cylinders in optical
tweezers is explored. The normalized energy deviation
(NED) of the axial optical forces obtained by the methods
are compared with forces calculated using the discrete-
dipole approximation (DDA) to measure their accuracy.
We analyse and compare the relationship between NED
and the aspect ratio for Rayleigh and wavelength-size
cylinders, respectively. In addition, we determine ranges
of sizes and aspect ratios giving errors below 1% and 10%.
The results in this paper can help researchers to choose the
most efficient method to calculate the T-matrix for
nonspherical particles with acceptable accuracy.

1 Introduction

The near-infrared wavelength region of 800-1,100nm is
commonly used in optical tweezers since the light is
poorly absorbed by most living matter. Manipulating
particles of sizes on the order of the illuminating
wavelength has attracted intensive attention since it could
be trapped more easily [1]. Furthermore, nonspherical
micrometre-scale particles are an attractive choice for
optically-trapped scanning probe microscopy.
Unfortunately, the particles at such sizes are
simultaneously too large for the Rayleigh approximation
to be valid, and too small for the geometric optics
approximation to be applied. Based on the full
electromagnetic wave scattering calculation, the T-matrix
method is widely used for the calculating of scattering by
particles of sizes on the order of the illuminating
wavelength [2-4]. The T-matrix is independent of the
incident field, and only decided by the scattering
properties of the particle. As a result, the T-matrix only
need to be calculated once for any particular particle and
can then be used for any other incident field or the particle
in different positions or orientations within the trapping
beam. This is a more efficient method compared with finite
element method (FEM) and finite-difference time-domain
(FDTD) method where the entire calculation needs to be
repeated [3].

As a general description of the electromagnetic
scattering by a particle, there are many methods could be

used to calculate the T-matrix, which include the extended
boundary condition method (EBCM), the point matching
(PM) method, and the discrete-dipole approximation
(DDA)[4]. The most commonly used method is EBCM,
where only surface integrals are required so that it reduces
to a 2D method and can be even be 1D for axially
symmetric particles. However, the computation suffers
from ill-conditioning for particles that become too non-
spherical, such as highly elongated or flattened particles
with aspect ratios very different from 1. The sizes and
shapes for which the different methods become too
inaccurate will vary with the different methods. Thus, a
study of the accuracy of the different methods can allow a
suitable method to be chosen.

The computational efficiency of the methods matters as
well. In principle, DDA will work for particles of all aspect
ratios, but as it is a volume-based method, it can be
significantly slower than the surface-based methods
(EBCM and PM). In turn, the point-matching method can
outperform EBCM in terms of speed, by avoiding the time-
consuming surface integrals required by the EBCM. Thus,
knowledge of the relative accuracies of the methods allows
the fastest sufficiently accurate method to be chosen.

The discrete-dipole approximation (DDA), also called
the coupled-dipole method, has known to provide highly
accurate results for scattering by particles of arbitrary
shape, and provides a suitable benchmark to compare
results from EBCM and PM. We use all three methods to
calculate T-matrices, and use the T-matrices to calculate
optical forces acting on the particles. We perform the
calculation for cylinders of various sizes and aspect ratios,
and determine size and aspect ratio regimes where EBCM
and PM are accurate to better than 1% and 10%.

2 The T-matrix method

In the T-Matrix method, the incident field and scattered
fields, Einc and Escat, can be expanded into the vector
spherical wave function (VSWF) basis as follows:
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where the VSWFs, Mnm, Nnm, and the regular VSWFs
RgM(1)nm, RgN(1)nm are defined in [2]. The incident beam
coefficients anm and bnm could be calculated by the
overdetermined linear equations at multiple points in the
field. The scattered field coefficients can be obtained by
matrix multiplication with Eq. (2) once the T-matrix is
calculated for a given particle:

[ , ] [ , ]nm nm nm nmp q T a b (2)
The expansion series for the incident and scattered

waves are truncated at Nmax, which is related to the size of
the scattering particle. Accurate convergence requires Nmax

> kr0 by including higher-order multipole modes, where
k=2npπ/λ0 and r0 is the radius of the particle. The T-matrix is
truncated at the same Nmax. The axial trapping force can be
calculated by the equation describe in [2].

2.1 Different methods to calculate the T-matrix
In principle, T-matrix could be calculated by any

method that could provide the relationship between the
incident and scattered fields in a suitable form. EBCM
attracted more attention than any other methods since it
was developed with T-matrix simultaneously [4]. In the
EBCM, the transfer functions between the incident and
internal, and scattered and internal fields are calculated
instead of the coupling of the incident and scattered fields
directly. The internal field within the particle is expanded
in terms of regular VSWFs. Consequently, the T-matrix
could be obtained by multiplication of the transfer matrix
mentioned above.

Alternatively, the expansion coefficients of the scattered
field could be calculated by considering the scattering of
an incident field consisting of a single VSWF mode. This
results in the calculation of T-matrix column by column.
Based on this, we can use over-determined point-matching
or DDA to find the T-matrix. Our point-matching method
finds the expansion coefficients of the scattered field that
satisfy the boundary conditions for the the incident,
internal, and scattered fields at points on the particle
surface. The matching points are usually chosen as an
equal angle grid on the particle surface; this grid can be
coarse compared with the grids needed for surface
integrals in EBCM. However, both EBCM and PM method
suffer from ill-conditioning for large particles and extreme
aspect ratios, since they use the same field expansions.

2.2 Comparisons of EBCM and PM method with DDA
method
Lorenz-Mie theory provides an analytical solution to

calculate the T-matrix for spherical particles (for which the
T-matrix is a diagonal matrix). We use the Lorenz-Mie
solution as the test method to test the convergence of DDA
for spherical particles. We then assume that DDA will
provide similar accuracy for cylinders when using the
same dipole spacing. In this way, the DDA method
provides accurate results, allowing comparison of EBCM

and PM. The axial optical force Fz experienced by the
particle in an optical trap (optical tweezers) provides a
suitable parameter for comparison. The normalised energy
deviation (NED) of Fz is defined to describe the accuracy of
the studied method as shown below:
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We have optimized EBCM method and PM method by
choosing the accurate convergence truncation positions

3
max 3 3N kr kr  , where r is the half of the diagonal

length of cylinders. The incident beam is a Gaussian beam
propagating along the positive z-axis in water background
with free-space wavelength λ0=1064nm and beam power
P0=100mw. The refractive index of the particles is chosen to
be np=1.59, that of polystyrene. The numerical aperture of
the objective lens forming the trap is NA=1.02.

2.3 The accuracy variations for Rayleigh and wavelength-
scale cylinders

Extensive numeraical simulations results reveal that
none of the NED caculated by EBCM and PM linearly
increase with the aspect ratio for Rayleigh cylinders and
wavelength-scale cylinders. Furthermore, the results for
the accuracy for both EBCM and PM for varying aspect
ratio are different for Rayleigh cylinders (d < λ/10) and
wavelength-scale cylinders (λ/10 < d < 5λ). As shown in
Fig. 1(a), EBCM is more accurate than PM method when
calculating the axial optical force for the Rayleigh cylinders
with the diameter d=40nm. Moreover,  the flattened and
enlongated cylinders with the aspect ratio at small and
large regions, respectively, have relatively lower accuracy
compared with the region in between. Compared with
Fig.1 (b) where the NED vs. aspect ratio for wavelength-
scale cylinders are given, the accuracy for Rayleigh
cylinders varies slower when aspect ratio varies.

Furthermore, to directly reflect the differences of the
axial optical force obtained by EBCM, PM, and DDA at
various accuracy, the axial optical force profiles calculated
by these three methods are shown as insets in Fig.1(a) and
(b). For Rayleigh cylinders with aspect ratio of 1.0 (the
length is 40nm correspondingly), NED are 0.33 and 1.15,
namely, the error is 33% and 115%, repectively. It is
observed that both of the Fz profiles from EBCM and PM
are very different from the DDA result. However, when
the aspect ratio is 2.0, the error for EBCM reduces to
0.0054%, which results in a nealy perfect match of Fz

profile. But the PM result still suffers from an error of 51%.
For wavelength-scale particles, both EBCM and PM have
better accuruacy in most regions although flattened and
enlongated cylinders in this case suffer from large errors. It
is also noted that PM method has very good accuracy in
the middle region of the aspect ratio, which can be further
demonstrated by the Fz profiles from the insets in Fig.1(b).
The error of EBCM and PM is 0.036% and 0.08%
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respectively when the aspect ratio is 1.0, while that for
aspect ratio of 2.25 is 0.02% and 11%, respectively. It is
observed that the error is 11% is still acceptable. PM
method quickly fails when aspect ratio is larger than 2.75.

(a)  Rayleigh cylinders

(b) Wavelength-scale cylinders
Figure 1 The relationship between the accuracy of EBCM and
PM method and the aspect ratio of cylinders

2.4 The accuracy mapping in the size domain
In order to extensively present the accuracy of EBCM

and PM method for calculating scattering by cylinders,
Figure 2(a) and (b) give the accuracy mapping with 1%
and 10% for EBCM and PM in its size domain, respectively.
The black solid curves border the regions with error
smaller than 10%. Within these, the red dotted lines
circulate the regions with error below 1%. It should be
noted that the region of error < 1% for PM is quite small,
since we only plot the continuous region. There are still
many tiny regions, for example, when the diameter is
150nm, the length between 450nm and 620nm, in which
the error of PM is smaller than 1%. In addition, it is
expected that the accuracy mapping of EBCM and PM on
the size domain with 1% and 10% will result in closed
regions when we include larger diameters. Considering
the computation efficiency of calculating T-matrix is PM >
EBCM > DDA method, one can choose the corresponding
method for the specific particle size with acceptable
accuracy.

(a) EBCM method

(b) PM method
Figure 2 The accuracy mapping of scattering by
cylinders

3 Acknowledgement
This work was supported by the National Natural Science
Foundation of China under Grant 61106049 and 61377071.

4 References
[1] Svoboda, K. & Block, S. M. Biological applications of optical forces
Ann. Rev. Biophys. Biomol. Struct., 23, 247–285 (1994).

[2] Nieminen T. A, Loke V. L. Y. Stilgoe A. B, Knöner G, Branczyk A.
M, Heckenberg N. R. and Rubinsztein-Dunlop H, Optical tweezers
computational toolbox, J. Opt. Soc. Am. A 9, S196–S203 (2007).

[3] Nieminen T. A, Loke V.L.Y, Stilgoe A.B, Heckenberg. N.R,
Rubinsztein-Dunlop H, T-matrix for modelling optical tweezers,
Journal of Modern Optics 58:5-6,528-544 (2011)

[4] Nieminen T. A, Rubinsztein-Dunlop H, Heckenberg. N.R,
Calculation of the T-matrix: general considerations and application of
the point-mathing method, Journal of Quantitative Spectroscopy &
Radiative Transfer 79-80, 1019-1029(2003)

CP-15.3


